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°^ ■ Abstract 

O 

t^^ I It is known that the high-energy quark-quark scattering amplitude can be described by 

the expectation value of two lightlike Wilson lines, running along the classical trajectories 
of the two colliding particles. Generalizing the results of a previous paper, we give here 
Qh! the general proof that the expectation value of two infinite Wilson lines, forming a certain 

^ . hyperbolic angle in Minkowski space-time, and the expectation value of two infinite Eu- 

clidean Wilson lines, forming a certain angle in Euclidean four-space, are connected by 
^ ■ an analytic continuation in the angular variables. This result could be used to evaluate 

c^ ■ the high-energy scattering amplitude directly on the lattice. 



1. Introduction 

It is well known that the quark-quark scattering amplitude, at high squared energies s 
in the center of mass and small squared transferred momentum t (that is s ^ oo and 
|t| <^ s, let us say |t| < 1 GeV^), can be described by the expectation value of two lightlike 
Wilson lines, running along the classical trajectories of the two colliding particles |[T| 0. 

In the center-of-mass reference system (c.m.s.), taking for example the initial trajec- 
tories of the two quarks along the x^-axis, the scattering amplitude has the following 
form [explicitly indicating the color indices {i,j, . . .) and the spin indices (a, P, ■ ■ ■) of the 
quarks] 

Mfi = {lpia{p'l)'^kM)\M\'^j(}{pi)'^l5{p2)) 

~ -^2 ■ M75 ■ 2s fdW^-^'imizt) - lUW^iO) - 1]h) , (1.1) 

where q = (0,0, q), with t = q^ = — q^, is the tranferred four-momentum and Zt = 
(0, 0, Zf), with Zf = {z^, z^), is the distance between the two trajectories in the transverse 
plane [the coordinates (x°,a;^) are often called longitudinal coordmates]. The expectation 
value {f{A)) is the average of f{A) in the sense of the functional integration over the 
gluon field A^ (including also the determinant of the fermion matrix, i.e., det[i'y^D^ — m\, 
where D^ = d^ + igA^ is the covariant derivative) 0] [0. The two lightlike Wilson lines 
Wi{zt) and 14^2(0) in Eq. (1.1) are defined as 



W.izt) = Pexp 
W2{0) = Pexp 



/+00 
A^{zt + pir)p'(dT 
-00 
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where P stands for ^^path ordering" and A^ = A°^T'^] pi ^ {E, E, Ot) and p2 — {E, —E, 



are the initial four-momenta of the two quarks. The space-time configuration of these 
two Wilson lines is shown in Fig. 1. 

Finally, Z^ in Eq. (1.1) is the fermion-field renormalization constant, which can be 
written in the eikonal approximation as ^ 




Fig. 1. The space-time configuration of the two hghthke Wilson hnes Wi and 
W2 entering in the expression (1.1) for the high-energy quark-quark elastic 
scattering amplitude. 



where A''^ is the number of colours. 

In what follows, we shall deal with the quantity 






;i-4) 



in terms of which the scattering amplitude can be written as 



Mfi = {lpia{Pl)^k^{P2)\M\-^j,3{pi)'^ls{p2)) 



-i-2s ■ da/sSys ■ gM{ij,ki)is'^ t) ■ (1-5) 



The quantity gM{ij,ki)i^'^ ^) depends not only on t = — q^, but also on s. In fact, as was 
pointed out by Verlinde and Verlinde in [§], it is a singular limit to take the Wilson lines 
in (1.4) exactly lightlike. A way to regularize this sort of "infrared" divergence (so called 
because it essentially comes from the limit m ^ 0, where m is the quark mass) consists in 
letting each line have a small timelike component, so that they coincide with the classical 
trajectories for quarks with a finite mass m (see also Ref. [§] for a discussion about this 
point). In other words, one first evaluates the quantity gM{ij,ki)if^j ^) ^'^^ ^^'^ Wilson 
lines along the trajectories of two quarks (with mass m) moving with velocity (3 and — /3 
(0 < /? < 1) in the a;^-direction. This is equivalent to consider two infinite Wilson lines 
forming a certain (finite) hyperbolic angle x i^^ Minkowski space-time. Then, to obtain 
the correct high-energy scattering amplitude, one has to perform the limit (3 —>■ 1, that 



is X ^ oo, in the expression for gM{ij,ki)i(^'^ ^)- 

Mfi = {^ia{p'l)^k'y{P2)\M\ljJji3{pi)iJls{p2)) ^ ~^ -^ " 2s ■ 5a(iS^5 " 9R4{ij,H)iP "^ 1^ ^) • (1-6) 

Proceeding in this way one obtains a Ins dependence of the amphtude, as expected from 
ordinary perturbation theory and as confirmed by the experiments on hadron-hadron 
scattering processes 0. In Sect. 3 of Ref. @] we have followed this procedure to 
explicitly evaluate the second member of (1.6) up to the fourth order in the expansion in 
the renormalized coupling constant: the results so derived are in agreement with those 
obtained from ordinary perturbation theory. 

The direct evaluation of the expectation value (1.4) is a highly non-trivial matter 
and it is strictly connected with the ultraviolet properties of Wilson-line operators 
Pj. Some non-perturbative approaches for the calculation of (1.4) have been proposed in 
Refs. [| and [0 . 

In a recent paper 0] we have proposed a new approach, which consists in adapting the 
scattering amplitude to the Euclidean world: this approach could open the way for the 
direct evaluation of the scattering amplitude on the lattice. More explicitly, in Ref. Q] 
we have given arguments showing that the expectation value of two infinite Wilson lines, 
forming a certain hyperbolic angle in Minkowski space-time, and the expectation value of 
two infinite Euclidean Wilson lines, forming a certain angle in Euclidean four-space, are 
likely to be connected by an analytic continuation in the angular variables. This relation 
of analytic continuation has been proven in Ref. 0] for an Abelian gauge theory (QED) in 
the so-called quenched approximation and for a non-Abelian gauge theory (QCD) up to 
the fourth order in the renormalized coupling constant in perturbation theory: a general 
proof was missing up to now. 

In this paper, we shall generalize the results of Ref. 0] and give the rigorous proof 
of the above-mentioned relation of analytic continuation for a non-Abelian gauge the- 
ory with gauge group SU{Nc) [as well as for an Abelian gauge theory (QED)]. The ap- 
proach adopted in Ref. f^ consisted in explicitly evaluating the amplitudes guix'^ t) and 
gE{G', t), in the Minkowski and the Euclidean world, in some given approximation (such 
as the quenched approximation) or up to some order in perturbation theory and in finally 
comparing the two expressions so obtained. Instead, in this paper we shall give a general 
proof, which essentially exploits the relation between the gluonic Green functions in the 
two theories. 



2. From Minkowskian to Euclidean theory 



Let us consider the following quantity, defined in Minkowski space-time: 



gM{pi,P2; t) 
M{pi,P2; t) 
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JdW'-^'iiWiizt) - 1].,[1^2(0) - 1]h) 



:2.i) 



where pi and p2 are the four-momenta [lying (for example) in the plane (x°,x^)], which 
define the trajectories of the two Wilson lines Wi and W2 {A^ 
fermion mass): 



y4"T" and m is the 



Wi{zt) = Pexp 

1^2(0) = Pexp 
Zw in Eq. (2.1) is defined as {Nc being the number of colours) 

Zw 
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^(Tr[l^i (;.,)]) = ^(Tr[Tyi(0)]) = ^(Tr[W^2(0)]) 



(2.2) 



:2.3) 



(The two last equalities come from the Poincare invariance.) This is a sort of Wilson- 
line's renormalization constant: as shown in Ref. [|ll, Zy/ coincides with the fermion 
renormalization constant Z^ in the eikonal approximation. 

By virtue of the Lorentz symmetry, we can define pi and p2 in the c.m.s. of the two 
particles, moving with speed (3 and —(3 along the a; ^-direct ion: 

i^(l,AOt), 

E(l,-/?,0,), (2.4) 

where E = m/y/1 — j3'^ (in units with c = 1) is the energy of each particle (so that: 
s = 4^2). 

We now introduce the hyperbolic angle i(j [in the plane [x^, x^)] of the trajectory of Wi. 
it is given by /5 = tanhip. We can give the explicit form of the Minkowski four-vectors 
"^1 = Pi/m, and U2 = ^2/"^ in terms of the hyperbolic angle ip: 

Pi 



Pi 
P2 



Ul = 


m 


U2 = 


- Pi 



m 



(cosh ijj, sinh ^p, Of) , 
(cosh ip, — sinh ip, Ot) 



(2.5) 



Clearly, ul = u^ = 1 and 

Ui ■ U2 = cosli(2-?/') = coslix , (2.6) 

where x = 2'?/' is the hyperbolic angle [in the plane (x°,x^)] between the two trajectories 
of Wi and W^2- 

In an analogous way, we can consider the following quantity, defined in Euclidean 
space-time: 

e{pie,P2e; t) 



9e{Pie,P2e; t) 



^WE 



E{piE,P2E\t) = j <eZte''^-^^{[W^E{ZtE)-llAW2E{'^)-^kl)E. (2.7) 

where ZtE = (-21,-22,-23,-24) = (0,Z(,0) and Qe = (0, q, 0) (so that: Qe = ^^ = —t)- The 
expectation value {■ ■ ■)e must be intended now as a functional integration with respect to 
the gauge variable A^^f^ = A^^^^T" in the Euclidean theory. The Euclidean four-vectors 
Pie and p2E [lying (for example) in the plane (xi,a;4)] define the trajectories of the two 
Euclidean Wilson lines Wie and W2e'- 



/+00 
A}F\ztE + PlET)piEt^dT 



-00 

-tg 



WiEiztE) = Pexp 
W2e{0) = Pexp 
ZwE in Eq- (2.7) is defined analogously to Zw in Eq. (2.3): 



00 
+00 

W I ^L ' {P2Er)p2Ef,dT 



(2.8) 



ZwE ^ ^mWiEiztE)]) = ^(Tr[W-i^(0)]) = l-{TT[W2Em) ■ (2.9) 

(The two last equalities come from the 0(4) plus translation invariance.) 

We can now expand the Wilson lines Wi and W2 in power series of the coupling 
constant g and take the pieces with ^f" and g^ respectively. Their contribution to the 
amplitude M{pi,p2; t) will be called M{n,r){piiP2] t) (so that M = Z^^i Z^^i ^(n,r)) 
and is given by 



*q-zt ^ 



M(„,,)(pi,p2; t) = {-ig)^^+'\T-^ . . .T«"),,(T^^ . ..T'^)kiJdW 

/ dTi^— . . . dTn-^ / dUi^- . . . duJr^- X 

J m J m J m J m 

0{Tn - Tn-l) ■ ■ ■ 6{t2 - Ti)6{uJr - ^r-l) ■ ■ ■ 0{^2 " UJi) X 

(A^izt + ^n) . . . A^iz, + ^r„)<(^c.O . . . Alli^ur.)) . (2.10) 



The corresponding quantity for the Euchdean theory E(^n,r){piE-,P2E'-, t), obtained taking 
the pieces with (7" and g^ in the expansion of the Euchdean Wilson hues Wie and W2E 
inside E{pie,P2e; t), is given by 

Ein,r){piE,P2E; t) = {-igY^+^^T'^^ . . .T«"),,(T^^ . . . T''^)kl J dW"'^' X 

I drip^]^ ... j dTnP'lE J duJiP2E ■■■ I duJrP2E0{Tn - r„_i) . . . 6'(r2 - Ti) X 
e{uJr - UJr-l) . ..6{UJ2 - UJx){A'[\r^^^{ztE ^ PxETi) ■ . . A^^^^^^{ztE + PlETn) X 
X^?E).,(P2S^l) • • • AtE>MEUJr))E • (2.11) 

It is known that, making use of the correspondence 

Ao{x) ^ iAf\xE) , Ak{x) -. Af\xE) 

with : x" -^ —ixEA , x ^ x^; , (2-12) 

between the Minkowski and the Euchdean world, the following relationship is derived 
between the gluonic Green functions in the two theories: 

= B(i)Etj.^ ■ . . B(^N)E^^N{A1^h)firi^a)E) ■ ■■^'{E)^^N^^WE))E , (2-13) 

where X(^ijE = {'^{i)E,X(i)E4) are Euclidean four-coordinates and -B(i)£; = (B(^i)E,B(^i)E4) are 
any Euclidean four-vectors, while a;(j) and i?(j) are Minkowski four-vectors defined as 

5(,) = (5°),B(,)) = {-^B^,)E4,B^^)E) . (2.14) 

For example, in the case A^ = 2, if one defines the gluonic propagators as 



Gf^{x,y) = {A;,{x)Al{y)) 



one finds that 



qV(^^'^^) = {Al^^,{xE)Alj,^AyE))E , (2.15) 



^Oo(^'^) ~ —G'(^E)4A{^E,yE) , 

Gg(x,y) = iGfE)4jixE,yE) , 

Gfo{x,y) = iGfE)j4{xE,yE) , 

Gf,{x,y) = Gf^^^,{xE,yE) , (2.16) 



where j,k = 1, 2, 3 are indices for the spatial components and x and y are defined as in 
Eq. (2.14). From these relations, one immediately derives Eq. (2.13) for N = 2, with B 
defined as in Eq. (2.14). The result can be trivially generalized to every N. 

In our specific case, we can use Eq. (2.13) to state that 

••• ••• {^,,\[Zt^ Ti)...A [Zt^ Tn)AJ[—Ui)...A{—UJr)) = 

m m m m ^ m ^ m m m 

m mm m y'^ii^^^ m i^-j/^n^ ^ 

^^'iJ.)J-^^^)---^'iE).f-^^r))E. (2.17) 

where PiE = {PiE,PiE4), for ^ = 1?2, are two Euclidean four-vectors and pi are the two 
corresponding Minkowski four-vectors, obtained according to Eq. (2.14): 

Pi = {P'^i, Pi) = {~iPiE4, PiE) ■ (2.18) 

By virtue of the definitions (2.10) and (2.11) for M(^n,r) and E(^n,r) respectively, Eq. (2.17) 
implies that: 

^(n,r)( — , — ; t) = M(„,,)(pi,p2; t) . (2.19) 

m, m, 
This relation is valid for every couple of integer numbers {n,r), so that, more generally: 

E{^,^; t) = M{p„p,; t). (2.20) 

m, m 

Of course M, considered as a general function of pi, p2 [and q = (0, 0, q)], can only depend 
on the scalar quantities constructed with the vectors pi, p2 and q = (0,0, q): the only 
possibilities are g^ = — q^ = t, Pi ■ P2, pf and p"^, since Pi ■ q = P2 ■ q = 0. Moreover, 
it is clear from the definitions (2.1) and (2.2) that M cannot depend on the (positive) 
normalizations of the four-vectors pi and p2'. in other words, we obtain the same result for 
M if we substitute (^1,^2) with {aipi, 0:2^2); o^i and 0:2 being arbitrary positive constants. 

Therefore, M is forced to have the following form: 



M(pi,p2; t) = fM\^-^;t\ . (2.21) 



For analogous reasons, E must be of the form: 



E{p,e,P2e; t) = fE(y^,-^;t] , (2.22) 

\\Pie\ \P2e\ J 



where \Be\ = \/J2n=iB^ is the Euchdean norm. (A short remark about the notation: 
we have denoted everywhere the scalar product by a "■" , both in the Minkowski and the 
Euclidean world. Of course, when A and B are Minkowski four-vectors, then A ■ B = 
A^B^j_ = A°i?° — A ■ B; while, if Ae and Be are Euclidean four-vectors, then Ae ■ Be = 
Ae^Be^j. = ^E • ^E + ^eaBea-) Therefore, the relation (2.20) can be re-formulated as 
follows [observing that {piE/'m)/\{piE/m)\ =PiE/\PiE\] 

Je^vie ■ V2E] t) = /m(mi ■ U2; t) , (2.23) 

where vie and V2e are the Euclidean four-versors corresponding to piE and p2E {vf^ = 
vIe = 1): 

V.E=^ , V2E = ^, (2.24) 

while Ml and U2 are the Minkowski four- vectors defined as 

Ml = -^= , U2 = -^= ■ (2.25) 



(It is clear that: ul = U2 = 1.) By virtue of the 0(4) symmetry of the Euclidean theory, 
we can choose a reference frame in which the spatial vectors vi^; and \'2e = —^ie are 
along the a; 1 -direct ion. The two four-momenta Vie and V2e are, therefore. 

Vie = (sin0, Oi,cos0) ; 

V2E = (-sin0, Oi,cos0) , (2.26) 

where is the angle formed by each trajectory with the a;4-axis. The value of is 
between and 7r/2, so that the angle 6 = 2(j) between the two Euclidean trajectories Wie 
and W2E lies in the range [0,7r]: it is always possible to make such a choice by virtue 
of the 0(4) symmetry of the Euclidean theory. In such a reference frame, we can write 

Vie ■ V2E = cos 9. 

9 



From Eq. (2.18) we have that pf = — l^jsP < and Jpf = ~i\piE\- The sign of the 
squared root is fixed in the following way: in the system where pj = 0, we have that 
vpI = p'i (if we take p? > 0). This relation is continued so to have Jp'f = p1 in the 
system where pj = 0. But pj = piE = 0, so that p° = —ipiEi = —i\PiE\ (if we take 
PiEi > 0). Therefore, in this particular system i/p^ = ^o _ —ip^^^ = _2|pj£;|. So we take 
Vp^ = —i\piE\ in every system. This implies that: 

Ui = —^ = {viEi.i^iE) ■ (2.27) 



With the explicit form of Vie and V2e given by Eq. (2.26), we find that 

Ml = (cos 0, i sin 0, Ot) , 

U2 = {cos (f),—i sin (f),Ot) , (2.28) 

and consequently u1 = ul = 1 and 

ui-U2 = cos(20) = cos^ . (2.29) 

A comparison with the expressions (2.5) for the Minkowski four-vectors Ui and U2 reveals 
that Ml and U2 are obtained from ui and U2 after the following analytic continuation in 
the angular variables is made: 

X^te . (2.30) 

(We remind that (p = 6/2 and ip = x/2-) Therefore, by virtue of Eqs. (2.21) and (2.22), 
the relation (2.23) can be formulated as follows: 

E{9- t) = Mix ^ ^0■, t) . (2.31) 



Let us consider, now, the Wilson-line's renormalization constant Z 



■ ) iJ-"'» , 



w- 



Zw^j^mwm])- (2.32) 

We can expand Wi in power series of g and take the piece with g"-, whose contribution to 
Zw we call Z^^ : 



Nr, J m J m 

^^ri)...A-(^. 



x^(r„-r„_i)...^(r2-ri)(A-(^ri)...A-(^r„)). (2.33) 
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In the Euclidean theory we have, analogously: 



ZwE = j^{TT[W,Em)E, (2.34) 

and 

zi^^E = ^^Tr(T«^ . . . T"") J dr,p^,\, ...J drr^p^^x 

x^(r„ - r„_i) . . .^(r2 - ri)(A^],)^^(pisri) . . . A^^^^^ip^ETn)) e ■ (2.35) 

Using Eq. (2.13), we can derive the following relation: 

^...^(A-(^n)...A-(^r.)) = 

m m ^ m ^"^ m 

fll fin 

where, as usual, piE = {pie,Pie4) and pi = {pl, pi) = (— ?pis4, Pie)- If we define 

Zw = hM{pi) , ZP = h'-f}\pi) , 
ZwE = hE{piE) , Zly^j^ = hP (pie) , (2.37) 

from Eq. (2.36) we obtain 

hP{^) = ht\pi). (2.38) 

m 

This relation is valid for every integer number n and so we also have, more generally: 

/^i.(— ) = hMiPi) . (2.39) 

m 

From the definitions (2.32) and (2.2), /im(pi), considered as a function of a general four- 
vector pi, is a scalar function constructed with the only four-vector pi. In addition, /iM(Pi) 
does not depend on the (positive) normalization of pi: in other words, hM^oipi) = huipi) 
for every positive a. Therefore, /iM(pi) is forced to have the form 

hM{pi) = Hm{uI) = HmH) , (2.40) 

where ui = pi/Jpi {u1 = 1). In a perfectly analogous way, for the Euclidean case we 
have that: 

hEiPiE) = He{vIe) = He{1) , (2.41) 

11 



where vie = Pie/\pie\ {vf^ = 1). Therefore, the first member of Eq. (2.39) is just equal 
to hE{piE/m) = He{vIe) = He{1) [observing that {pie / m) / \{piE / m)\ =p^e/\p^e\]^ and 
the second member is given by /im(Pi) = Hm{u{) = Hm{1), where ui = Pi/Jpl {ul = 1). 
Then Eq. (2.39) imphes that 

HEil) = Hm{1) ■ (2.42) 

That is, from Eqs. (2.37), (2.40) and (2.41): 



JWE — ^W 



(2.43) 



Combining this identity with Eq. (2.31), we find the following relation between the 
amplitudes gu^W i) = M{x; t)/Z^ and gEi9; t) = £{6; t)/Z^j^: 

9m ix; t) — ^QAiiiO; t) = 9EiO; t) ; 

or: gE{0; t) — > gE{-ix\ t) = gnix; t) ■ (2-44) 

We have derived the relation (2.44) of analytic continuation for a non-Abelian gauge 
theory with gauge group SU{Nc). It is clear, from the derivation given above, that the 
same result is valid also for an Abelian gauge theory (QED). We have thus completely 
generalized the results of Ref. 0], where the same relation (2.44) had been proven for 
an Abelian gauge theory (QED) in the so-called quenched approximation and for a non- 
Abelian gauge theory (QCD) up to the fourth order in the renormalized coupling constant 
in perturbation theory. The approach adopted in Ref. [^ consisted in explicitly evaluating 
the amplitudes guix'^ t) aiid gE^^] t), in the Minkowski and the Euclidean world, in 
some given approximation (such as the quenched approximation) or up to some order in 
perturbation theory and in finally comparing the two expressions so obtained. Instead, 
in this paper we have given a general proof of Eq. (2.44), which essentially exploits the 
relation (2.13) between the gluonic Green functions in the two theories. 

Therefore, it is possible to reconstruct the high-energy scattering amplitude by eval- 
uating a correlation of two infinite Wilson lines forming a certain angle 6 in Euclidean 
four-space, then by continuing this quantity in the angular variable, 6 -^ —iX) where 
X is the hyperbolic angle between the two Wilson lines in Minkowski space-time, and 
finally by performing the limit x ^ oo (i.e., (3 —>■ 1). In fact, the high-energy scattering 
amplitude is given by 

-i-2s- SapSjs ■ guix ^ oo; t) . (2.45) 



i— i-OO 
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The quantity QAiix'i ^)? defined by Eq. (2.1) in the Minkowski world, is hnked to the 
corresponding quantity 5'_b(6'; t), defined by Eq. (2.7) in the Euchdean world, by the 
analytic continuation (2.44) in the angular variables. The important thing to note here 
is that the quantity gE{(^', t), defined in the Euclidean world, may be computed non 
perturbatively by well-known and well-established techniques, for example by means 
of the formulation of the theory on the lattice. In all cases, once one has obtained the 
quantity gE{(^] t), one still has to perform an analytic continuation in the angular variable 
^ ^ —ix^ ^-iid finally one has to extrapolate to the limit x ~^ oo (i.e., /3 — > 1). For 
deriving the dependence on s one exploits the fact that both /5 and ip {or equivalently x) 
are dependent on s. In fact, from E = m/y/1 — /3^ and from s = AE"^, one immediately 
finds that 

/ 4m2 
P = ^l-^. (2.46) 

By inverting this equation and using the relation (3 = tanh?/;, we derive: 

s = Am^ cosh^ il) = 2m^(cosh x + 1) • (2.47) 

Therefore, in the high-energy limit s -^ oo {ot /3 —>■ 1), the hyperbolic angle x = 2'?/' is 
essentially equal to the logarithm of s (for a finite non-zero quark mass m): 

X = 2ih ~ Ins . (2.48) 

As an example, we have shown in Ref. [Q how, using this approach, one can re-derive the 
well-known Regge Pole Model ||Tl|. Of course, the most interesting results are expected 
from an exact non perturbative approach, for example by directly computing gE{0; t) 
on the lattice: a considerable progress could be achieved along this direction in the near 
future. 
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